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ABSTRACT 
A tetrahedral graph may be defined as a graph G, whose vertices may be identified 
with the n(n -- 1)(n -- 2)/6 unordered triplets on n symbols, such that two vertices are 
adjacent if and only if the corresponding triplets have two symbols in common. If 
d(x, y) denotes the distance between two vertices x and y and A(x, y) denotes the number 
of vertices adjacent to both x and y, then a tetrahedral graph G has the following 
properties: (bl) The number of vertices is n(n -- 1)(n -- 2)/6. (b2) G is connected and 
regular of valence 3(n 3). (ba) For any two adjacent vertices x and y, A(x, y) = n -- 2. 
(b4) A(x, y) = 4 if d(x, y) = 2. We show that, if n > 16, then any graph G (without 
loops and with utmost one edge connecting two vertices) having the properties (b0--(b~) 
must be a tetrahedral graph. 
I. INTRODUCTION 
1. We shall consider only finite undirected graphs, with at most one 
edge joining a pair of vertices and no edge joining a vertex to itself. 
The valence d(u) of the vertex u of a graph G, is defined to be the number 
of vertices adjacent to u. If all vertices of G have the same valence nl, the 
graph G is said to be a regular graph of valence nl. 
A chain x~, x2 ..... xn is a sequence of vertices of G, not necessarily all 
different, such that any two consecutive vertices in the chain are adjacent. 
Thus the pairs (Xl, x2)(x2, xa) ..... (xn_ 1 , x~) are edges of G. The number 
of edges n -- 1 is said to be the length of the chain. The chain is said to 
begin at x~ and terminate at x~, and is said to join x~ and x~. 
The graph G is said to be connected if, for every pair of distinct vertices 
x and y, there is a chain beginning at x and terminating at y. For a con- 
nected graph the distance d(x, y) between two vertices x and y is defined 
to be the length of the shortest chain joining x and y. 
For any two vertices u and v, A(u, v) denotes the number of vertices w, 
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adjacent to both u and v. If u and v are adjacent, i.e., d(x, y) = 1, A(u, v) 
is called the edge-degree of the edge (u, v). A regular graph G for which all 
edges have the same edge-degree A, is said to be edge-regular, with edge- 
degree A. 
2. A graph G is said to be triangular if the vertices of G can be identified 
with unordered pairs on n symbols, so that two pairs are adjacent if and 
only if the corresponding pairs have one symbol in common. A triangular 
graph G obviously possesses the following properties: 
(al) The number of vertices in G is n(n -- 1)/2. 
(a2) G is regular of valence 2(n -- 2). 
(a3) G is edge-regular with edge-degree n -- 2, i.e., A(u, v) = n -- 2 if 
u and v are adjacent. 
(a4) A(u, v) = 4, if u and v are non-adjacent. 
Connor [4] showed (with a somewhat different erminology) that, for 
n > 8, the properties (ai)-(a4), characterize a triangular graph, i.e.,.if G 
has the properties (al)-(a4), then G must be triangular. Shrikhande [9], 
Li-chien [7, 8] and Hoffman [5, 6] completed Connor's work by demon, 
strating that the same result holds for n < 8, but if n = 8, then there 
exist other non-isomorphic graphs which are not triangular. 
3. In this paper we consider the problem of characterization f tetra- 
hedral graphs. A tetrahedral graph may be defined as a graph G whose 
Vertices can be identified with unordered triplets on n symbols, such that 
two vertices are adjacent if and only if the corresponding triplets have two 
common symbols. It is readily seen that G has the following properties: 
(b0 The number of vertices in G is n(n -- 1)(n -- 2)/6. 
(b2) G is connected and regular of valence 3(n - 3). 
(b3) G is edge-regular, with edge degree n -- 2, i.e. A(x, y) = n -- 2 if 
d(x ,y )  = 1. 
(b4) A (x, y) = 4 if d(x, y) = 2. 
In Section III we prove that, for n > 16, the properties (bl)-(b4) charac- 
terize a tetrahedral graph, i.e., if G possesses properties (bl)-(b4) and 
n > 16, then it is possible to establish a (1,1) correspondence b tween the 
vertices of G, and the unordered triplets on n symbols, such that two 
vertices of G are adjacent if and only if the corresponding triplets have a 
pair of symbols in common. 
The proof is based on certain theorems regarding the existence or  non- 
existence of cliques and claws in edge-regular g aphs, which are proved in 
Section II. These theorems generalize the previous work of Bruck [2] ~ and 
(one of the authors) Bose [1 ]. Other applications of these theorems will be 
given in subsequent communications. 
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II. CLAWS AND CLIQUES IN EDGE-REGULAR GRAPHS 
1. In this section we shall consider a graph G which has the following 
properties: 
(cl) Gis  connected and regular of valence r(k -- 1). 
(c2) G is edge-regular with edge-degree (k -- 2) + ~. 
(cs) A(x, y) <~ 1 + t ,  for all pairs of non-adjacent vertices, x and y of G. 
In the above r, k, ~, t ,  are fixed positive integers, such that r ~ 1, 
k ~ 2, ~ ~ 0, fl ~ 0, and rfl --  2~ ~ 0. All the lemmas and theorems in 
paragraphs 2 and 3 of this section are about the edge regular graph G, 
with properties (Cl), (c2), (ca). 
We define here some functions of the parameters , k, ~, and t ,  which 
play an important role in subsequent developments. 
(2.1.1) 7(r, ~) = 1 4- (r -- 1) ~. 
(2.1.2) q(r, o 0 = 1 4-,(2r -- l) a. 
(2.1.3) p(r,c~,fl) = 1 4- fl 4- (2r -- 1) o~. 
(2.1.4) p(r, ~, t )  = 1 q- 89 4- 1)(rfl - -  2c 0. 
We shall denote as usual the cardinality of a set S by I S r 9 
A clique K of a graph is a set of vertices adjacent to each other. A clique 
K will be called Complete if we cannot find a vertex x, not contained in K 
such that xUK is a clique. Thus a complete clique cannot be extended to a 
larger clique by the adjunction of a new vertex belonging to the graph. 
Now consider the graph G with the properties, (cl) , (c~), (Ca). A clique K 
o fG  will be called a major clique if 
(2.1.5) I K I  >/ 1 +g -- 7(r, ~) = k - - ( r  -- 1)=. 
A Clique K of G will be called a grand clique if it is both major and 
complete. 
A claw [p, S] of G, consists of a vertex p, the vertex of the claw, and a 
non-empty set S of vertices of G, not containing p, such that p is adjacent 
to every vertex in S, but any two vertices in S are non-adjacent. The order 
of the claw is defined to be the number s = I S l 9 
In the next two paragraphs of this section, we obtain a number of 
theorems about claws and cliques in a graph G having the properties 
(Cl), (c2), (c8). These theorems are very similar to those obtained in an 
earlier paper [1], but are now proved under less restrictive conditions, 
thereby substantially increasing their range of applicability. This will be 
illustrated in Section III, where they will be used to obtain a geometric 
characterization of tetrahedral graphs (defined in Section I). Further 
applications will be given in subsequent communications. 
A CHARACTERIZATION OF TETRAHEDRAL GRAPHS 369 
2. THEOREM (2.2.1). / f  k > p(r,o~,fl), there cannot exist a claw of  
order r q- 1 in G. 
Suppose there exists in G a claw [p, S] of order s. Let T be the set of 
vertices of G, not belonging to [p, S], and adjacent o p. Let f (x )  denote 
the number of Vertices q in T, such that q is adjacent to exactly x vertices in 
S. Counting the number of vertices in T we have from (c0, 
(2.2.1) ~f(x)  = r (k - -  1) - - s  = rk - - r - - s .  
Counting the number of ordered pairs (b, q) where b and q are adjacent, 
b belongs to S, and q belongs to T, we have from (%) 
(2.2.2) i xf(x) = s(k -- 2 q- o0. 
x=O 
Again counting the triplets (bl, ba, q), where b I , b 2 is an ordered pair 
of vertices in S, q is a vertex in T, and bl b, ~ are both adjacent o q, we 
have from (%) 
(2.2.3) ~ x(x 1)f(x) ~< s(s -- 1)ft. 
I fa  claw of order r + 1 exists, putting s = r § 1, we have from (2.2.1), 
(2.2.2) and (2.2.3): 
(2.2.4) 
1 r+l 
f(O) § ~ ~ (x 1)(x -- 2)f(x) ~ - -k  q- 1 -t- 89 -? 1)(rfl --  2a) 
aZ=l 
= - -k  + p(r, ~, 5) 
Since the left-hand side is essentially non-negative whereas k > p(r, o~, fl) 
by hypothesis, we have a contradiction. This proves our theorem. 
THEOREM (2.2.2). l f k  > y(r, ~), then any claw of G of order s < r, can 
be extended to a claw of  order r. 
Suppose there exists in G a claw [p, S] of order s. From (2,2,1) and 
(2.2.2): 
(2.2.5) f(0) -- ~ (x -- 1)f(x) = (k -- 1)(r --  s) -- c~s. 
x=l 
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I f  k > ~,(r, a) ----- 1 -I- (r - -  1) a, and s < r, 
f(O) > ar(r - - s  -- 1)/> 0. 
Hence f (0)  ~ 0, which shows that there exists a vertex q in T, which 
is not adjacent o any vertex of  S. I f  S* = S w q we can extend the claw 
[p, S] to the claw [p, S*] of order s § 1: I f s  § 1 < r we can continue the 
process till we arrive at a claw of order r. 
THEOREM (2.2.3). Given a claw [p, S] of G of order r -- 1 there exist at 
least k -- y(r, ~) distinct vertices q of G such that [p, SUq] is a claw of order 
r. 
Putting s = r - -  1, in  (2 .2 .5 )  we have 
f(0)  ~k  .... 1 - -a ( r - -1 )  
= k - ~ , ( r ,  ~). 
Hence there exist at least k - -  7(r, a) vertices q in T such that [p, SUq] 
is a claw of order r. 
3. LEMMA (2.3.1). I f k  > y(r,~) and if  G has no claw of order r + 1~ 
then any pair of  adjacent vertices p and q is contained in at least one major 
clique. 
From Theorem (2.2.2) we can extend the claw [p, q] to a claw [p, S] of 
order r. Let b l ,  b2 .... br be vertices in S other than q. Let O be the set of  
vertices oJ, which when adjoined to S -- q give a claw [p, S*] of  order r, 
where S* : (S ,  q) UoJ. Of course q is contained in g2 and from theorem 
(2.2.3) 
I~q I/> k - ~ , ( r ,  ~). 
The vertices in O are all adjacent o one another. I f  any two were not 
adjacent hey could be added to b 1 , b2 .... br to give a claw of order r + 1. 
Let K = pug2. Then K is a major clique since 
IK I  ~ 1 +k- - ) , ( r ,~) .  
COROLLARY (2 .3 .1 ) .  
by 
In Lemma (2.3.1), the hypothesis may be replaced 
k > max [y(r, c0, p(r, ~,/3)]. 
This folio ws at once from theorem (2.2.1). 
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COROLLARY (2.3.2). When the conditions of Lemma (2.3.1), or Corollary 
(2.3.1) are satisfied, then any pair of  adjacent vertices p and q, is contained 
in at least one grand clique. 
We can extend the major clique K by adding new vertices till it is 
complete and therefore a grand clique. 
LEMMA (2.3.2). l f  K and L are cliques of  G, and K u L is not a clique, 
then lKnL I  <~ 1 +[3. 
Since K w L is not a clique, there exists in K w L a pair of vertices c
and d which are non-adjacent, such that c belongs to K and d to L. Any 
vertex belonging to K n L must be adjacent o both c and d. Hence 
A(c, d) ~> I K N L I 9 The lemma follows from (%). 
LEMMA (2,3.3). I f  K and L are cliques of G and K n L contains at least 
two vertices a and b, then I K u L [ <~ k -k o~. 
Every vertex in K u L, other than a and b is adjacent to both a and b. 
Hence 
A(a,b) >~ [ Kw L [ -- 2. 
It follows from (cl), that ] K u L t ~ k + ~. 
LEMMA (2.3.4). I f  K and L are cliques of G, K u L is not a clique and 
K n L contains at least two vertices, then 
JK I+ IL I  ~< l+k+o~+f l .  
This follows at once from Lemmas (2.3.2) and (2.3.3) by noting that 
[Kt  + IL l  = IKAL I  +[KwL I .  
THEOREM (2.3.1A). I f  k > p(r, ~, fl) and G has no claw of order r + 1, 
then any pair of adjacent vertices p and q is contained in one and only one 
grand clique. 
The existence of at least one grand clique containing p and q follows at 
once from corollary (2.3.2) by noting that p(r, c~, fl) >~ 7(r, ~). 
Suppose there exist at least two distinct grand cliques K and L both 
containing the adjacent vertices p and q. Since K and L are complete, 
K u L is not a clique. Hence from Lemma (2.3.4) 
EKt + ILl <~ 1 +k  +~+f l .  
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But K and L are both major cliques. Hence 
I KI  + IL l  >~ 2{k- - ( r  --  1) c~}, 
which shows that 
k ~ l+/3q- (2r - -1 )  a=p( r ,%/3) ,  
contrary to the hypothesis. 
The previous theorem can be written in the following alternative form: 
THEOREM (2.3.1B). I f  k > max [p(r, ~, fl) p(r, ~, fl)], then any two 
adjacent vertices p and q of G are contained in exactly one grand clique. 
This follows at once from Theorems (2:2.1) and (2.3.1A). 
THEOREM (2.3.2A). / f  k > q(r, a), there exists no claw of order r + 1 
in G, and every pair of adjacent vertices of G is contained in utmost one 
grand clique of G, then each vertex of G is contained in exactly r grand 
cliques. 
I f  we note that q(r, ~) >~ ~(r, ~) it follows from Corollary (2.3.2) that 
any pair of adjacent vertices is contained in exactly one grand clique. 
Again from Theorem (2.2.2), p is the vertex of at least one claw of order 
r. Let [p, S] be a claw of order r, where S = {ba, b2 ..... br}. As in Theorem 
(2:2.1), let T be the set of vertices not belonging to S, which are adjacent 
to p. 
Let Hj be the set consisting of p, b~, and q belonging to T, such that q is 
adjacent o b~ but not adjacent o bi, i y~-j. As in Theorem (2.2.1) let f (x)  
denote the number of vertices in T which are adjacent to exactly x vertices 
in S. Then f(0) = 0, otherwise there would exist a claw of order r + 1. 
Putting s = r in (2.2.1) and (2.2,2), we have 
(2.3.1) ~, f(x) = r(k -- 2). 
(2.3.2) ~ xf(x) = r(k -- 2 -k o0. 
Hence 
(x -- 1)f(x) = ra. 
0~=2 
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Since 
--f(1) + ~ f (x)  = Z f(x)  
X=l  0~2 
<~ ~ (x -- 1) f (x)  
X=2 
it follows that 
(2.3.3) f(1) ~> r(k -- 2 --  a). 
Any two vertices of Hj are adjacent o one another, otherwise there 
would exist a claw of order r -q- 1. Thus H~. is a clique. 
Put H* = Hj -- (bj u p). Then H* consists of exactly those vertiCes of 
T which are adjacent to bj but to no other vertex of S. Hence 
H*, H* .... H* are disjoint sets, and the total number of vertices in these 
sets is f(1). 
Now there is a unique grand clique K~ containing bj and p. The number 
of vertices in Kj cannot be less than the number of vertices in Hi .  If 
possible let I Kj I < I Hj I 9 Since Kj is a grand clique it follows that Hj is a 
major clique and contained in some grand clique Kj. Since b~ and p are 
contained in K~ and Kj, they must coincide. Hence Kj contains Hi ,  which 
contradicts I g j I  < I n j l .  
Now consider the r grand cliques, /s ..... K~. Then K1--p,  
/s -- p ..... K~ -- p are disjoint. For if Ki -- p and Ks -- p, i 3& j, have a 
common vertex q, then Ki and K~ would coincide, and would contain 
both bi and b~-, which is impossible since bi is not adjacent o bj. Re- 
membering (2.3.3), we have 
(2.3.4) ~ I Kj - -P l  >~ ~[H~ - -P [  
j=l  
=r § ~ I//j*l 
j=Z 
= r +f(1)  
~> r(k-- 1 --~). 
I f  possible, suppose there is another grand clique K,.+I containing p. 
The vertices in K~+I--p must be disjoint from the vertices in 
K1 --p, K= --p,..., K~ --p. Since K~+I is a grand and therefore a major 
sa,-/3/4-s 
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clique, I Kr+l -- p I ~> k -- 1 -- (r -- 1) oL. But from (c 0, the number of 
vertices adjacent o p is exactly r(k -- 1). Hence from (2.3.4) 
r+l 
r (k - -  1) >~ ~ IK j - -P ]  >~r(k - -  1 ) - l - k - -  1 - - (2 r - -  1)~. 
j=l 
.'. k~< 1 +(2r - -1 )~ = q(r,~), 
which is a contradiction. Thus p is contained in exactly r grand cliques. 
THEOREM (2.3.2B). I f  k > p(r, c~,/3), and there exists no claw of order 
r 4- 1 in G, then each vertex of  G is contained in exactly r grand cliques. 
This follows at once from the previous theorem and Theorem (2.3.1A), 
remembering p(r, c~, /3) >~ q(r, c O. 
THEOREM (2.3.2C). I f  k > max [p(r, ~, fl), p(r, c~,/3)], then each vertex 
in G is contained in exactly r grand cliques. 
This follows from the previous theorem and Theorem (2.2.1). 
III. CHARACTERIZATION OF TETRAHEDRAL GRAPHS 
1. As mentioned earlier in the introduction, a tetrahedral graph G is a 
graph whose vertices can be identified with the n(n -- 1)(n - -2) /6 un- 
ordered triplets on n symbols, such that any two vertices are adjacent if 
and only if the corresponding triplets have a pair of common symbols. 
Then G clearly possesses the properties (bl)-(b4) given in Section I, 
paragraph 3. We shall prove here that, if n > 16, the converse also holds. 
In the following lemmas G is a graph satisfying the conditions (bl)-(b4) , 
and such that n > 16. 
If  we set ~,= 3, K=n- -2 ,  c~= 2,/3 = 3, then the conditions 
(b2), (b3), (b4) are the same as (c0, (ca), (c3) of Section II. Also from 
(2.1.1), (2.l.3), and (2.1.4) 
~(r, ~) = 5, p(r, c~,/3) ---- 14, p(r, c~, B) = 11. 
Hence a clique K of G is a major clique if I KP ~> n -- 6, and if it is 
complete it is a grand clique. Since n > 16, the condition K > max 
[p(r,c~,/3), p(r,~,/3)] is satisfied. Hence from theorems (2.3.1B) and 
(2.3.2C) we have: 
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LEMMA (3.1.1). Any two adjacent vertices of G are contained in exactly 
one grand clique. Each vertex of G is contained in exactly 3 grand cliques. 
The unique grand clique containing any two given adjacent vertices x 
and y, may be denoted by K(x, y). 
The null set will be denoted by 0. 
The following six lemmas are directed toward proving that 
t K [ = n -- 2, for any grand clique K in G. 
LEMMA (3.1.2). I fK i s  a grand clique in G, then 
n- -4  <~ lK l  <~ n. 
Let x and y be any two vertices in K. There are [ K T --  2 vertices in K 
other than x and y, and by definition each of these is adjacent o both 
x and y. I f  [ K] ~ n, then ] K I  -- 2 ~ n --  2, which would contradict 
(bs). Hence [K[  ~ n. 
Let A be the set of all vertices adjacent o both x and y but not con- 
tained in K. Then from (b4) 
i.e., 
(3.1.1) 
IKF - -2 -k IA I  =n- -2 .  
[K I+ IA I  =n.  
I f  $1 and $2 are the two other cliques containing x and 7"1,7"2 are those 
containing y, then any vertex in A must be of  the form 
Zij = S~ n T~ , i, j = 1,2, 
if it exists at all. Since two distinct cliques can have at most one vertex in 
common, we have 
Hence from (3.1.1) 
IA I~4.  
IK l~n- -4 .  
LEMMA (3.1.3). I f  K is a grand clique in G, then 
[ K I  5~: n --  4. 
Suppose [K[  =n- -4 ,  and let x ,y ,A ,  Si,T~(i,j-----1,2) be as in 
Lemma (3.1.2). Since there are only n -- 6 vertices in K adjacent o both x 
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and y, we must have [A I = 4. Hence, St n Tj =/= r for i , j  = 1, 2. It 
follows from (b2) that 
(3.1.2) IK--x[-q-[S 1 - -x I -~-1S2  - -x [  = 3n - -9 .  
S ince lK - -x l  =n- -5 ,  wehave  
(3.1.3) 1S1 - -x [  + IS2 - -x [  - -  2n - -4 .  
Thus, at least one Si - -  x, say $1 - -  x, has at least n - -  2 vertices, and 
therefore 
(3.1.4) 1S1[ ~> n - -  1. 
Consider the two vertices x and zi~ in $1. They are both adjacent o 
] $1 ] - -  2 other vertices in Sa as well as to y and z~l not in $1. F rom (3.1.4) 
it follows that A(x, Zl0 ~> n - -  1, which contradicts (ba). 
LEMMA (3.1.4). l f  K is a grand clique in G, then [ K I =/= n -- 3. 
Suppose 1 K[ = n - -  3. Then, from (3.1.1), I A i = 3, and one of  the 
grand cliques, say S~, containing x must intersect both of  the other two 
grand cliques containing y and the other grand clique $2, containing x, 
must intersect exactly one o f / '1 ,  T~, say Tz 9 
Since I K - -  x I ---- n - -  4, f rom (3.1.2) we have 
(3.1.5) [S l - -x [  +[S~- -x [  = 2n- -5 .  
It follows, then, that one of  $1 - -  x and $2 - -  x has at least n - -  2 vertices. 
I f [S1  - -  x ]  ~ n - -  2, then [$1 ] ~ n - -  1 and considering the vertices x 
and Zlz we have at most one vertex not in $I adjacent o both. This is 
contradicted, since z2., and y are adjacent o both. I f  [ S~ I >/n  - -  1, the 
same argument can be appl ied to x and z2~ 9 
LI~MMA (3.1.5). I f  K is a grand clique in G, then [ K I ~ n -- 1. 
Suppose ]K [  = n - -  1, then, from (3.1.1), [A [  ~ 1. Hence, exactly 
one of $1, S~ intersects exactly one of  7"1, T 2 . 
Suppose Zl1 = S 1 ('~ T 1 and $2 c~ /'2 ---- 0. 
Since I K - -  x [ = n - -  2, it follows from (3.1.2) that 
[Sx - -x l+ lS~- -x [  =2n- -7 .  
Hence for one i, I S i -  x l~< n-  4 and then [Sil~< n-3 .  But, by 
Lemmas (3.1.2), (3.1.3), (3.1.4), we have [ K1 ~> n - -  2 for every K in  G. 
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LEMMA (3.1.6). l f  K is a grand clique in G, then 
I K l  :~n .  
Suppose ] K]  = n, then I A I = 0 and  hence Si c~ T~ = O, (i = 1, 2,) 
( j  = 1, 2,). Since i K - -  x I = n - -  1, f rom (3.1.2) we have 
IS l -X l -q - lS2 -x l  =2n-8 .  
Hence at least one of  S1 - -  x and $2 - -  x, say $1 - -  x, has at  most  n - -  4 
vertices. Thus t $1 I ~< n - -  3, which contrad icts  at least one of  the Lemmas 
(3.1.2), (3.1.3), (3.1.4). 
LEMMA (3.1.7). I f  K is a grand clique in G, then [ K[ = n -- 2. 
This fol lows immediate ly  f rom Lemmas (3.1.2)-(3.1.6). 
LEMMA (3.1.8). Let x be a vertex in G and let L be a grand clique not 
containing x. Then the three grand cliques Kx , 1s K3 containing x cannot 
all intersect L. 
Suppose / s  all meet L, and  let y i=K i r~L , i=  1, 2, 3. 
F rom Lemma (3.1.1) the vertices Yi ,  i = 1, 2, 3 are all distinct. Let  
S i ,  i = 1, 2, 3 be the th i rd  grand cl ique conta in ing Yi in add i t ion  to Ki 
and L. 
Suppose S in  K~ :;& O, for  some pa i r  i, j ,  i :7~ j ,  and let z = S in  K~. 
Then, the vertices z, y j ,  and Yk are such that,  each of  these is adjacent  o 
both  x and Yi but  none conta ined in the grand cl ique Ki conta in ing x and 
Yi (i,.L k are  different). F rom Lemma (3.1.7)] Ki J = n - -  2, and hence 
the n - -  4 vert ices in K i ,  other  than x and Yi,  together  with the three 
vert ices z, y j ,  and Yk, const i tute a set of  n - -  1 vertices which are adjacent  
to both  x and Yi 9 This contradicts  (bs). Hence  
(3.1.6) S in  K~- = 0 for  i ~: L i, j = 1, 2, 3. 
By Lemma (3.1.7) there are n - -  5 vert ices in L other  than Yl , Y~, and 
Ya 9 Each of  these vertices must  be non-ad jacent  o x, for otherwise we 
would  have 4 grand cl iques conta in ing x contrad ict ing Lemma (3.1.1). Let 
z be one of  these n - -  5 vert ices in L - -  Yl - -  Y~ - -  Ya 9 Then,  d(z, x) = 2 
and by  (b4) there are exact ly  4 vertices ad jacent  to both  z and x. Clear ly 
three of  these are Y l ,Y2 ,Ya  and the four th  vertex must  be on some 
Ki(1 <~ i <~ 3) and be dist inct  f rom x and  Yi 9 Thus for  each of  the n - -  5 
vertices in L - -  Yl - -  Y~ - -  Y3, there is exact ly  one vertex in the set 
3 
r = U (K ,  - x - y3  
4=1 
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which is adjacent o it. Let us define three sets A1, Az, Aa where Ai con- 
sists of  all those vertices in K i  - -  x - -  Yi  which are adjacent o at least one 
vertex of  L other than Y i .  Since from (3.1.6) no vertex z '~ K~ - -x  - -Y i  
can be adjacent o y~, j @ i, it is clear that Ai consists of all those vertices 
in Ki - -  x - -  Yi which are adjacent o a vertex of  L - -  yl  - -  Y2 - -  Y8 9 
Now, since each vertex in L - -  Yl - -  Y2 - -  Y8 is adjacent o exactly one 
vertex T, and since 
[ L - -  Y l  - -  Y2 - -  Ya [ = n - -  5 ,  
we have 
3 
(3.1.7) ~ !A i  r ~< n - -  5. 
Again, since rK i - -x - -y i l  = n - -4 ,  and theK~- -x - -y i , i=  1 ,2 ,3  
are disjoint, we have 
3 
(3 .1 .8 )  T r l  = Y~ IK i  - x -y ,  I - -  3n  - 12. 
i= l  
I f  we define B i to be the set of  all those vertices in K i  - -  x - -  Yi  which are 
adjacent o no vertex of L other than Yi, then clearly Ai is disjoint from 
Bi  and 
Hence, from (3.1.8), 
Ai u B i = K i - -  x - -  Y i  9 
3 3 
(3.1.9) ~ [A i  [ + ~ r Bi i = (3n - -  12). 
i=1 i=1 
Combining (3.1.7) and (3.1.9), we have 
3 
(3.1.10) ~ [B i l  ~> 2n- -7 .  
i= l  
I t  follows from (3.1.10) that, for at least one i = io, we have 
(3.1.11) l Bio I >~ - -  
2n - -  7 
Now, let b e Bio and consider the vertices b and Yi0. Since I Ki o [ = n - -  2 
f rom Lemma (3.1.7), it follows from (b3) that there are exactly two 
vertices adjacent o both b and yi ~ and not in Kio. From the definition of 
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B~ ~ , neither of these two vertices can be in L. Hence they must both lie in 
Sio Yio" 
Let b and b' be two distinct vertices in B,0 and let sl ,  s~ be the two 
vertices of S,o -- Y~0 adjacent to b and s~, s~ be the two vertices of Si ~ -- yi ~ 
adjacent o b'. Suppose 
s~ =s j ,  for some pair i,j, 1 ~< i, j~  2. 
Without loss of generality, suppose s~ = s~. Let M be the grand clique 
containing the adjacent vertices b and s~. Then, there are n -- 4 vertices 
in M adjacent o both b and sl as well as 3 others not in M, namely, 
s~, b', and yi o. It follows thatthere are at least n -- t vertices adjacent o 
both b and sl which contradicts (ba). Hence the 4 vertices s~, Sz, s~, s~ 
must all be distinct. Hence the number of distinct vertices in si ~ --yio 
adjacent o vertices in Bio is exactly 2 ] Bio I 9 Consequently 
(3.1.12) I S~0 -- Y~o I >/ 2 ] B~o ] 
or, from (3.1,11) and Lemma (3.1.7), 
which contradicts the assumption  > 16. This completes the proof. 
LEMMA (3.1.9). Let x and y be two adjacent vertices in G and let K be 
the grand clique containing both x and y. Let $1, $2 be the other two grand 
eliques containing x and T1, T2 be the other two grand cliques containing y. 
Then the grand cliques Si may be put in (1,1) correspondence with grand 
eBques T~ so that only corresponding eliques intersect, 
S, c~ Tj = O, i ~ j. 
Since [ K[ ---- n -- 2, it is clear that exactly two of the 4 intersections 
Si ch Ts , i , j  = 1,2 
are non-empty. I f  S1 and Sz both intersect one of the grand cliques con- 
taining y, other than K, say T1, then all three grand cliques containing x
intersect TI and x r  This contradicts Lemma (3.1.8). Hence each of 
the grand cliques Si intersects one and only one of the grand cliques and 
vice versa. 
380 BOSE AND LASKAR 
LEMMA (3.1.10). Let x and y be two vertices in G such that, d(x, y) = 2. 
Then there is one grand clique Sa containing x which does not intersect any 
grand clique containing y, and one grand clique T 3 containing y which does 
not intersect any grand clique containing x. The other two grand cliques 
St ,  S~ containing x and the other two grand cliques 7"1, T~ containing y
mutually intersect. 
From (b4), there are exactly 4 vertices adjacent o both x and y. Let 
za~ be one of these and let Sx be the grand clique containing x and zl~ and 
T1 be the grand clique containing y and Zll . Clearly $1 :/: Tx, since 
d(x, y) = 2. 
Since d(x, z~)= 1 by Lemma (3.1.9) there exists exactly one grand 
clique $2 containing x, other than Sa, which intersects T1. Let 
z21 = $2 c3 T1 9 Clearly z11 ~ Z~l, y :~ z21 9 Similarly since 6/(211 , y )  = l ,  
there exists exactly one grand clique T2 containing y, which intersects S1 
in z~2 say. Clearly x :~ Zl~., Zll :~ z~2 9 Suppose T2 c3 $2 ---- 0. Then since 
d(zx2, x) = 1, from the previous lemma the third grand clique $3 con- 
taining x must intersect T2 in z32, say. Similarly, the third grand clique T 3 
containing y must intersect $2 in z28, say. Since z2a ~ $2 and Zz2 e T~ and 
$2 c3 T2 = 0, we must have zz3 :~ z3~. But then we have 5 vertices 
adjacent o both x and y, namely, zn , za2, z2a, z~a, Z3z 9 This contradicts 
(b4) and hence $2 c3 T2 :~ 0. Let z2~ = $2 c~ T~, we then have 4 vertices 
adjacent to both x and y, namely, z~;, i, j = I, 2. It follows from (b4) that 
$3 n T,. = 0, j---- 1,2,3, 
S~c~Ta=r  i=  1,2,3. 
LEMMA (3.1.11). Given two distinct grand cliques K~ and Ks of G, with 
a common vertex x, there is a (1,1) correspondence b tween the vertices of 
K1 and K2 such that the corresponding vertices are contained in a grand 
clique. 
Let Yl be a vertex of /s  yl =~ x. I f  z :/= x is a vertex of Ks, then 
d(yl, z) ~< 2. It follows as in the previous lemma that every vertex of K2 is 
not adjacent to Yl- Hence there exists a vertex z in Ks such that 
d(y~, z) = 2. From Lemma (3.1.10) there is another clique K*, besides 
Kx, which contains y~ and intersects K2 9 Let Y2 = K* n K2. Then Ya is 
adjacent o y~. Also the third clique containing Yl does not intersect/(2 9 
Thus there is exactly one vertex y~ in Ks which is adjacent o y~. In the 
same way we can start from a vertex y~ in Ks and show that there is 
exactly one vertex in/s adjacent o Y! 9 
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LEMMA (3.1.12). There are exactly n(n -- 1)/2 grand cliques in G. 
Consider ordered pairs (x, K) where x is a vertex and K is a grand 
clique of G containing x. Since each vertex is contained in 3 grand cliques 
we get 3v such pairs, where v = n(n-  1) (n -  2)/6 is the number of 
vertices in G. But each grand clique accounts for n -- 2 pairs. Hence the 
number of grand cliques is 3v/(n -- 2) ---- n(n -- 1)/2. 
LEMMA (3.1.13). Each grand clique in G is intersected by exactly 2(n -- 2) 
other grand cliques. 
This follows at once by noting that each vertex of a grand clique K is 
contained in exactly two other grand cliques. 
LEMMA (3.1.14). I f  Kx and 1s are two intersecting rand cliques in G, 
there exist exactly n -- 2 grand cliques which intersect both 1s and K2 9 
Let x = Ka n Ks. Then through x there passes another grand clique 
K3 (intersecting/(1 and/{2 in x). Again if yl is any one of the other n -- 3 
points on K1, then from Lemma (3.1.11) there exists a corresponding 
point Y2 on/s such that ya and Y2 are adjacent, K(yx, Y2) being a grand 
clique intersecting both /s and /{2 9 Each pair of corresponding points 
gives one such clique and vice versa. 
The following three lemmas are directed toward proving that there exist 
exactly 4 grand cliques, which intersect each of two given non-intersecting 
grand cliques K i and/{2. 
LEMMA (3.1.15). I f  K i and K2 are two non-intersecting grand cliques in 
G, Xa and x2 are two adjacent vertices belonging to K a and Ks,  respectively, 
then there exist vertices Yx , Y2 belonging to Ki and Ks, respectively, such 
that xx , x~ , Yl , Y2 are mutually adjacent (Yl :75 xi , Y2 ~ x2). 
Since /Ca and K(x~, x2) are intersecting cliques, by Lemma (3.1.11), 
there exists a vertex ya in K1 which corresponds to xs and is therefore 
adjacent to it. Similarly there exists a vertex Y2 in/s which is adjacent to 
X 1 9 
Clearly d(ya, Y2) ~< 2. We want to show that yl and Y2 are adjacent. If 
not, then d(ya, Y2) = 2. Then by Lemma (3.1.10) there exists a clique K* 
containing Yi, and a clique K~* containing Y2 such that K* does not inter- 
sect any clique containing Ys, K~* does not intersect any clique containing 
yl. Hence K* must be distinct from/s and K(yl, x~). Also K* must be 
distinct from Ks and K(y2, xO. The cliques/{1 and k(y l ,  x~) must therefore 
intersect he cliques /s and K(y2, xO. Since by hypothesis K1 does not 
intersect K~, this is a contradiction. Hence d(y~, y~) = 1, 
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LEMMA (3.1.16). I f  K1 and K2 are two non-intersecting grand cliques in 
G, such that there exist vertices xa and xs belonging to 1s and Ks, respec- 
tively, with d(x~, x2) ~ 2, then there exists at least one pair of adjacent 
vertices one of which belongs to K~ and the other to Ks 9 
From Lemma (3.1.10), there exist two cliques (different from /s 
containing x i ,  which intersect each of the two cliques (other than /s 
containing xs 9 Let z be the vertex of intersection of one of the cliques 
containing xl with one of the cliques containing xs 9 Then z is different 
from xi and xs. Since /s and K(xi ,  z) are intersecting cliques, from 
Lemma (3.1.11), there exists a vertex ya in KI(yl =/= Xl), such that y~ is 
adjacent o z. Similarly there exists a vertex Ys in/s adjacent o z. xl and 
xs are non-adjacent by hypothesis. I f  the lemma is false then the pairs 
(Xa, Y2), (Ya, x2), and (y~, Ys) must also be non-adjacent. Hence K(z, xa), 
K(z, x,~), K(z, YO, and K(z, Y2) must all be different grand cliques, contra- 
dicting the Lemma (3.1.1). 
LEMMA (3.1.17). I f  K1 and K2 are two non-intersecting grandcliques in 
G, there must exist a pair of adjacent vertices one of which belongs to K~ 
and the other to Ks 9 
Let xa be a vertex in K1 and xs a vertex in /(2. I f  d(x~, x2) ---= 1, the 
lemma is true. I f  d(xl,  xs) = 2, the required result follows from the 
previous lemma. Suppose d(x 1 , xs) = r > 2. Then, there exists a chain 
x l ,  Zl, z2 .... z~_~, x2 joining Xl and xs 9 Clearly d(zr_s, xs) = 2. Consider 
the grand cliques K(z, 3, z,._s) and Ks 9 These must be non-intersecting, 
otherwise d(z,_a, x2) = 2, and x and y would be at distance r -- 1. Hence 
from the previous lemma we can find a vertex Ys in K(z~_3, z~._s) and z*_s 
in Ks such that Ys and z~_s are adjacent. Then d(xl,  Ys) = r --  1. By 
successive repetition of the same process we can find a vertex w2 in Ks such 
that d(Xl, ws) = 2. The required result then follows from the previous 
lemma. 
LEMMA (3.1.18). I f  Ka and K~ are two non-intersecting grand cliques 
in G, then there exist exactly 4 grand cliques, which intersect each of 
K 1 and 1s 
From the previous 1emma we can find a vertex xl in/s and a Vertex 
x2 in K2 such that xx is adjacent o x2 9 Now from Lemma (3.1.15) we can 
find in Ka a vertex y~ :7~ xx, and in K2 a vertex Y2 :/: x2, such that x l ,  x~, 
Yi, Y~ are mutually adjacent. Hence K(Xl, x2), K(Xl, Y2), K(Yl, xs), and 
K(yl ,  Ys) are 4 grand cliques each of which intersects K1 and/s 
I f  possible let there be another grand clique which intersects Ki in z~ and 
K2 in z s . Then z 1 is distinct from xl and yl and z 2 is distinct from x2 and Ys 9 
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Otherwise there would be 4 grand cliques containing some vertex. Again 
za is non-adjacent to x2. Otherwise there would be 4 grand cliques con- 
taining x2 9 Hence d(z 1 , x2) - 2. The grand cliques K1 and K2 containing 
Zl and x2, respectively, are non-intersecting. Since the grand cliques 
K(x~, xO and K(x~, YO intersect the grand clique K~ containing z l ,  it 
follows from Lemma (3.1.10), that K2, the third grand clique containing 
x2, cannot intersect any grand clique containing z l .  This is a contradiction, 
since K(za, z2) intersects K2 in z2. 
2. THEOREM (3.2.1). For a tetrahedral graph G, the conditions (bl)-(b4) 
hold. Conversely if n > 16 and conditions (bl)-(b4) are satisfied then G is 
tetrahedral. 
Given n symbols, 1, 2 .... n, a tetrahedral graph G is the graph whose 
vertices are the unordered triplets on these symbols, two triplets being 
adjacent when the corresponding triplets have two symbols in common. 
The conditions (bl)-(b4) are easily checked. 
(i) The number of unordered triplets on n symbols is clearly n(n -- 1) 
(n --  2)/6, which is the number  of vertices in G. 
(ii) Let x be the vertex corresponding to the symbol (i, j, k), for a vertex 
adjacent to x, the corresponding triplet must contain 2 of the symbols 
i, j, k and one of n -- 3 symbols other than i, j, k. Hence the number of 
vertices adjacent o x is 3(n -- 3). Hence G is regular of valence 3(n --  3). 
Given any two triplets, we can readily construct a chain of triplets 
beginning with the first and ending with the second so that two consecutive 
triplets have two symbols in common. Hence G is connected: 
(iii) Let x and y be two adjacent vertices of  G. Let x and y correspond 
to (i, j, kl) and (i, j, k2). Then the triplets which have two symbols in 
common with each of the two triplets are the triplets (i, k 1 , k2), (j, k l ,  k~) 
and the n -- 4 triplets (i, j , s), where s is any of the n symbols other than 
i, j , k 1 , k2 9 Hence the number  of vertices adjacent to both x and y is 
n --  2, i.e., A(x, y) = n -- 2. 
(iv) Let x and y be two vertices such that d(x, y) = 2. Then we may 
take x to correspond to (i, J l ,  kl) and y to correspond to (i, J2, ks). Then 
the only triplets which have two symbols in common with both these 
triplets are (i, ja ,J2), (i, J1 , k2), (i, j2, kl), and (i, k l ,  k2). Thus A(x, y) = 4 
if d(x, y) = 2. 
Conversely, suppose n > 16 and the conditions (bl)-(b4) are satisfied 
for G. Then Lemmas (3.1.1)-(3.1.18) hold. Let H be a graph whose 
vertices are the grand cliques of G~ two vertices of H being adjacent if and 
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only if the corresponding grand cliques of G have a non-empty intersection. 
Then H satisfies the following conditions: 
(a0 
(as) 
(as) 
u and 
(a~) 
The number of vertices in H is n(n - -  1)/2. 
H is regular and of valence 2(n --  2). 
H is edge regular with edge degree n -- 2, i.e., A(u, v) = n -- 2 if 
v are adjacent. 
A(u, v) = 4 if u and v are non-adjacent. 
Conditions (a0, (a2), (a3), (a4) are satisfied in virtue of Lemmas (3.1.12), 
(3.1.13), (3.1.14), and (3.1.18). It now follows from Connor's theorem (see 
Section I) that, for n ~ 8, H is triangular. Hence to each vertex of H we 
can associate an unordered pair ( i , j )  of two distinct symbols chosen out 
of n symbols 1, 2 ..... n so that two vertices of H are adjacent if and only 
if the corresponding pair have a common symbol. From the correspond- 
ence between H and G it follows that to each grand clique in G we can 
associate an unordered pair of symbols chosen out of n symbols uch that 
the pairs corresponding to two grand cliques have a common symbol if 
and only if the two grand cliques intersect. 
Let/(1 and K2 be any two intersecting rand cliques of G, having the 
vertex x in common, and let (i, j)  and (i, k) be the corresponding pairs. To 
the vertex x we associate the unordered triplet (i, j, k). The third grand 
clique/(3 containing x, intersects both Ka and K2 and hence must corre- 
spond to the pair (j, k). Note that the triplet assigned to x is unambiguously 
determined by any two of the three cliques intersecting in x. Thus to each 
of the n(n - -  1)(n -- 2)/6 vertices of G we can associate a unique triplet. 
I f  two vertices x and y of G are adjacent hen there is a unique grand 
clique K containing x and y. I f  (i, j )  is the pair corresponding to K, then 
the triplets corresponding to x and y must contain the symbols i and j. 
Conversely if the triplets corresponding to the vertices x and y contain the 
symbols i and.L then x and y are contained in the grand clique Kcorrespond- 
ing to the pair (i,j), and must therefore be adjacent. Thus two vertices 
of G are adjacent if and only if the corresponding triplets have a common 
pair of symbols. Hence G must be tetrahedral. 
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